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Abstract 

Given a Kahler manifold M endowed with a Hamiltonian Killing vector field Z, 
we construct a conical Kahler manifold M such that M is recovered as a Kahler 
quotient of M. Similarly, given a hyper-Kahler manifold {M,g, Ji,J2, J3) endowed 
with a Killing vector field Z, Hamiltonian with respect to the Kahler form of Ji 
and satisfying LzJ2 = — 2J3, we construct a hyper-Kahler cone M such that M 
is a certain hyper-Kahler quotient of M. In this way, we recover a theorem by 
Haydys. Our work is motivated by the problem of relating the supergravity c-map 
to the rigid c-map. We show that any hyper-Kahler manifold in the image of the 
c-map admits a Killing vector field with the above properties. Therefore, it gives 
rise to a hyper-Kahler cone, which in turn defines a quaternionic Kahler manifold. 
Our results for the signature of the metric and the sign of the scalar curvature are 
consistent with what we know about the supergravity c-map. 
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Introduction 



Let us recall that there is an interesting geometric construction called the c-map, which 
was found by theoretical physicists. There are in fact two versions of the c-map: the 
supergravity c-map and the rigid c-map. The supergravity c-map associates a quaternionic 
Kahler manifold of negative scalar curvature with any projective special Kahler manifold, 
see [FS, H2, CM]. The metric is explicit but rather complicated. The rigid c-map is 
much simpler, see [CFG, HI, ACD]. It associates a hyper-Kahler manifold with any affine 
special Kahler manifold. The initial motivation for this work was our idea to reduce the 
supergravity c-map to the rigid c-map by means of a conification of the hyper-Kahler 
manifold obtained from the rigid c-map. Let us explain this idea in more detail. 

Since any projective special Kahler manifold M is the base of a C*-bundle with the 
total space a conical affine special Kahler manifold M, we have the following diagram: 

where c stands for the rigid c-map, c for the supergravity c-map and N , N are the 
resulting (pseudo-)hyper-Kahler and quaternionic Kahler manifolds, respectively. We 
have indicated the real dimension. This shows that N cannot simply be the Swann 
bundle N over N. In fact, N is in general not conical and the (pseudo-)hyper-Kahler 
cone N should be obtained from A?" by a certain conification procedure A"^" fj'^n+i 
such that the following diagramm commutes: 

M^" I ^ A^^" I > 7v^"+^ 

H*/±l 

M2n-2 I c ^ 

We are also interested in the analogous problem for the r-map, where we have a diagramm 
of the form: 

^n-l I f_ ^ 

Now M is an affine special real manifold with homogeneous cubic prepotential, M is the 
corresponding projective special real manifold, r is the rigid r-map [CMMSl, AC], f is 
the supergravity r-map [DV, CM] and TV is the conical affine special Kahler manifold over 
the projective special Kahler manifold N. 
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An important inspiration for our work has been the paper [Ha] by Haydys, see also 
[APP] in which Haydys construction is called QK/HK correspondence. The construction 
has two parts. The first part is the hyper-Kahler reduction of a hyper-Kahler cone with 
respect to a Hamiltonian Killing vector field which is compatible with the cone struc- 
ture. The hyper-Kahler manifold {M,g, Ji, J2, J3) obtained by such a reduction inherits 
a Killing vector field Z which preserves one of the three complex structiircs Ji of the 
hyper-Kahler triplet (Jq,) and rotates the two other ones. The second part is the inver- 
sion of the reduction, which is much more involved than the first part. As a result of 
our careful analysis, we are able to give our own proof of the inversion recovering and 
extending the results by Haydys. Under the assumptions stated precisely in Section 2, the 
conical hyper-Kahler structure is rigorously established in Theorem 2. The final formulas 
are explicit enough to allow for further progress in the study of hyper-Kahler manifolds 
obtained by such a conification. As an example, we can easily compute the signature 
and scalar curvature of the resulting quaternionic Kahler manifolds, see Corollary 1 and 
Corollary 2. These results are new even in the case when the initial hyper-Kahler metric 
is positive definite, as considered in [Ha]. We show that (positive definite) quaternionic 
Kahler manifolds of negative scalar curvature can be obtained from indefinite as well as 
from positive definite hyper-Kahler manifolds, whereas quaternionic Kahler manifolds of 
positive scalar curvature do always require a positive definite initial metric. 

We prove that a similar, but simpler, conification result holds for any Kahler manifold 
endowed with a Hamiltonian Killing vector field, see Theorem 1. This construction is 
new and may provide the needed conification procedure for the r-map. We will study this 
problem in the future. 

For the c-map we prove the existence of a canonical Killing vector field satisfying the 
assumptions of Theorem 2. In this way we can associate a family of (possibly indefinite) 
conical hyper-Kahler metrics and, hence, a family of quaternionic Kahler metrics to any 
projective special Kahler manifold. In view of the results of [APP] Section 2.4, this family 
should contain the Ferrara-Sabharwal metric as well as the (locally defined) one-parameter 
deformation discussed in [APSV] and in the papers cited there. The parameter should be 
related to the choice of Hamiltonian function /, which is unique up to a constant. This 
will be the topic of future investigation. 

Acknowledgments We thank Stefan Vandoren for discussions and for his notes about 
examples of the QK/HK correspondence. We also thank Malte Dyckmanns for useful 
comments. This work is part of a research project within the RTG 1670 "Mathematics 
inspired by String Theory", funded by the Deutsche Forschungsgemeinschaft (DFG). The 
work of T.M. is supported in part by STFC grant ST/J000493/1. T.M. thanks the 
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Department of Mathematics and the SFB 676 for hospitahty and support during several 
stages of this work. 

1 Conification of Kahler manifolds 

Definition 1 An almost pseudo-Kahler manifold (M, g, J) is a pseudo-Riemannian man- 
ifold (M, g) endowed with a skew-symmetric almost complex structure with closed funda- 
mental form uj := g{J-,-). It is called a pseudo-Kahler manifold if the almost complex 
structure is integrable. In that case uj is called the Kahler form. 

Let {M,g, J, Z) be a pseudo-Kahler manifold endowed with a time-like or space-like 
Hamiltonian Killing vector field Z. Let — / be a corresponding Hamiltonian function, that 
is df — —u}{Z, ■), where u is the Kahler form. We will assume that / and /i := f — \g{Z, Z) 
are nowhere vanishing. 

Lemma 1 Let Z he a Killing vector field on a pseudo-Kahler manifold (M, g, J) and 
puth^^-^. Then 

dh — uj{JDzZ, •), 

where D is the Levi-Civita connection. In particular, dh = —U!{Z, •) holds if and only if 
DzZ = JZ. 

Proof: 

dh = g{DZ, Z) = -g{DzZ, ■) = u{JDzZ, ■). 

□ 

The Lemma implies that 

d/i = d{f -h)^ -uj{Z + JDzZ, •) = -g{J{Z + JDzZ), •). (1.1) 

Let vr : P — )■ M be an S'^-principal bundle endowed with a principal connection rj 
with the curvature dr] = 7r*{uj — where /3 = g{Z,-). Notice that locally we can 

always assume P = M x and rj = ds + r]M, where r]M G Q^{M) and s is the angular 
coordinate on = {e"|s G M}. We will denote the fundamental vector field of P by Xp. 
It coincides with the vertical coordinate vector field dg in any local trivialisation of the 
principal bundle. We define a pseudo-Riemannian metric on P by 

2 2 I * 

gp ■= -rV + g. 
h 
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Next we consider M := P xM. with the coordinate t on the M-factor and the projection 
■n : M ^ M defined as -^(p, t) — 7r(p), for all (p, t) e M. On M we introduce the following 
tensor fields. 

i := ateX(M), (1.2) 
g e^\gp + 2fdt^ + 2adt) eT{S'^T*M), (1.3) 
^ := e^*(77 + ^/3)eO^(M), (1.4) 
a; := e Q^(M), (1.5) 

where a := df and covariant tensor fields on M and P are identified with their puUbacks 
to tensor fields on M. 



Definition 2 A conical pseudo-Riemannian manifold {M,g,C,) is a pseudo-Riemannian 
manifold (M, g) endowed with a time-like or space-like vector field ^ such that = Id. 

Theorem 1 Given {M,g, J, Z) as above, the tensor field g defines a pseudo-Riemannian 
metric such that {M,g, J := g~^u,C,) is a conical pseudo-Kdhler manifold. The induced 
CR-structure on the hypersurface P G M coincides with the horizontal distribution T^P 
for the connection rj and n : P ^ M is holomorphic. that is dnJ = Jdn on T^P. The 
projection tt : M ^ M is not holomorphic, since ker dn = spanjXp, ^} is not J -invariant. 
The metric g has signature {2k + 2,21) if fi > and (2A;,2£ + 2) if fi < 0, where {2k, 2i) 
is the signature of the metric g. 

Proof: It is clear that the restriction of g to the horizontal distribution T''P = ker rj C TP 
is nondcgcncratc. Let us denote by E the orthogonal complement of the 2-dimensional 
distribution spanjZ, JZ} C T^P, where X G X{P) stands for the horizontal lift of a 
vector field X G X(M). Since g{Z, Z) ^ 0, we see that EQM.Z C T^P is nondegenerate. 
The orthogonal distribution in M is precisely 

D = span{JZ,Xp,0, 

as follows from a{Z) — df{Z) — —u}{Z, Z) — 0. The matrix representing the bihnear form 
g\q) with respect to the frame {JZ, Xp, ^) is given by 

/ g{Z,Z) -g{Z,Z) 
e^M I 
\-g{Z,Z) 2/ 

which has the determinant 4e^*(y'(Z, Z) 7^ 0. This proves that g is nondegenerate. The 
signature of g can be easily read off from the above matrix. 
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Let us prove next that the skew-symmetric endomorphism field J — g ^uj is also 
nondegenerate. Calculating the differential of 9 we obtain 

w = 2e^*di A (77 + + e^*a;. (1.6) 

This formula immediately implies that J preserves the distribution E and JX — JX for 
all X e 3£(M) which are perpendicular to Z and JZ. 

Claim 1: J preserves the distribution T^P and 

JX^JX for all XeX{M). (1.7) 



It remains to check (1.7), or cquivalently, that a;(X, ■) = g{JX,-), for X e {Z,JZ}. 
Using the formulas (1.3) and (1.6), we have 

u{Z, •) = -e'^\/3{Z)dt + a), Cj{Tz, ■) = -e^*/^, 

^(JZ, ■) = e^\-a + a{JZ)dt), g{Z, ■) = e^*/?. 
This proves Claim 1, since Q!(JZ') = —f5{Z). 
Claim 2: 

jXp = -^(jz + o. 

/l 

It suffices to check that 

co(Xp,-) = -^g{JZ + ^,-)- 
Using (1.6), we see that the left-hand side is simply —2e'^^dt. The right-hand side yields 

2t 2t 

- — {-a + a{JZ)dt + 2fdt + a) = —-{-g{Z, Z) + 2f)dt = -2e^^dt. 
h h 

This proves Claim 2. 

Claim 3: 

TM = T^P ® span{Xp, JXp}. (1.8) 

In view of Claim 2, is clear that Xp ± T^P and JXp _L © MZ. Therefore it suffices to 
show that JXp is perpendicular to JZ. We compute 

-hgiJXp, JZ) = g{JZ + C,JZ)^ e^\g{Z, Z) + a{JZ)) = 0. 

This proves Claim 3. 

Claim 4: The distributions T''P, span{Xp, JXp} C TM are nondegenerate and orthog- 
onal with respect to a). 
In fact, 

Cj\Thp = e^^uj (1.9) 
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is nondegenerate and also 

uj{Xp, JXp) = 2e^' \dt A{r) + J (Xp, JXp) = -2e^'dt{JXp) = ^ 0. 

The tD-orthogonality of the distributions follows from Claim 3 and the J-invariance of 

T^P. This proves Claim 4. 

Claim 5: J is an almost complex structure. 

Recall that, by Claim 1, J\rphp corresponds to the complex structure J by means of the 
identification T^P ~ 7r*TM. Therefore, it suffices to check that J squares to —Id on 
span{Xp, JXp}. Using Claim 1 and 2, we compute 

j^Xp^^{Z-JO. 
h 



So we need to check that 



or, equivalently, that 



Xp^-hz-Ji), (1.10) 



1 



g{Xp,-)^-hg{Z,-)-uj{i,-)). 

Ji 

The left-hand side is simply '^j^'H and the right-hand side 

- — 277-/3) = --r;. 
/i /i 

This proves Claim 5. 

So far we have proven that J is a skew-symmetric almost complex structure with closed 
fundamental form, in other words that (M , J) is an almost pseudo-Kahler manifold. 
Notice that Claim 1 implies that the induced CR-structure on P coincides with the hori- 
zontal distribution and that tt : P — > M is holomorphic. Claim 2 shows that it : M ^ M 
is not holomorphic. 

Next we prove that = Id. By the Koszul formula, we have 

2g{Dx,C,X2) = X,g{^,X2)+mXl,X2)-X2g{X^,0 

+g{[X^,C],X2) - g{X,,[C,X2]) - g{C,[Xr,X2]) 

for all vector fields X1.X2 on M. If Xi, X2 are horizontal lifts of commuting vector fields 
on M, the right-hand side yields 

e^'da{X^,X2) + 2g{Xi,X2) = 2g{X^,X2). 

Similarly, if Xi,X2 G {Xp,^}, the right-hand side is also 

2/(Xie2*dt(X2) - X2e^'dt{X^)) + 2g{X^,X2) = 2g{X,,X2). 



7 



Next we consider the case where Xi is a horizontal hft and X2 = ^. The Koszul formula 
gives again 

and, similarly, for X2 — Xp: 

2g{Dx,i,Xp) = = 2g{X,,Xp). 
Next, let X2 be a horizontal lift and Xi — ^. Then 

2g{D^i,X2) = 2^e^'a{X2) - 26^%/ = 2e''a{X2) = 2g{i,X2). 
Finally, for Xi — Xp we get 

2g{Dx,C,X2)^0^2g{Xp,X2). 

Next we prove that J is integrable. In order to apply the Newlander-Nirenberg the- 
orem, let us first recall that the decomposition (1.8) is J-invariant, in virtue of Claim 4. 
Therefore, Claim 1 implies that 



Tj'°M = span{(X - iJX)p\X e X(M)} © C{Xp - iJXp] 



for all p G M. By the integrability of the complex structure on M, we know that for all 
X,Y e X{M) there exists W e X(M) such that 

[X - iJX, Y - iJY] ^W- iJW. 

Therefore, 

[X -iJX,Y -iJY] = W -iJW -dr](X -iJX,Y -iJY)Xp 

= W -iJW - {(J - -dl3){X -iJX,Y -iJY)Xp. 

Here we have used, the well known fact that the vertical part of the commutator of 
two horizontal vector fields on a principal bundle with connection is given by minus the 
curvature. Wc claim that not only bj but also is of type (1, 1), which finally implies 
{X - iJX, Y - iJY] ^W- iJW. In fact, 

df3 = dg{Z, ■) = —dixj{JZ, ■) = —Ljzuj 

is the Lie derivative of a form of type (1, 1) with respect to a holomorphic (thus type- 
preserving) vector field. Finally, with the help of Claim 2, for X e X{M), we compute 



[X - iJX, Xp - iJXp] = -i[X - iJX, JXp 

id{- 

.df: 



idi^){X - iJX){JZ + + ^[X - zJX, JZ] 
h h 



AX- iJX)JXp - —dr]{X - iJX, JZ)Xp + —[X - iJX, JZ] . 
n h h 



Notice that the last term is the horizontal lift of a vector field of type (1,0). In fact, it 
suffices to observe that the Lie derivative with respect to the holomorphic vector field JZ 
preserves the type. The remaining part is of type (1,0) if and only if 

dri{X - iJX, JZ) = -tdfi{X - iJX). (1.11) 

for all X e TM. Now 

dr/(-,JZ) = 5(Z,-) + ici/3(JZ,-), 
d^{JZ,-) = ^:jzP^g{Dz{JZ),-)+g{Z,D{JZ)) 
g{Z, D{JZ)) = -g{JZ, DZ) = g{DjzZ, ■) = g{Dz{JZ), ■) = g{JDzZ, ■) 

Therefore, 

dr}{;JZ)^g{Z+JDzZ,-). 
Comparing with (1.1) we see that that (1.11) is equivalent to 

g{Z + JDzZ, X - iJX) = ig{J{Z + JDzZ),X - iJX) 
= g{J{Z + JDzZ), J{X - iJX)) = g{Z + JDzZ, X - iJX), 

which is always satisfied. □ 



Definition 3 Let {M,g) be any pseudo-Riemannian manifold. Then C±{M) := (M^° x 
M, ±dr^ + r^g) is called the space-like or time-like cone over {M,g), respectively. 

The vector field ^ = rdr defines on C±{M) the structure of a conical pseudo-Riemannian 
manifold and any conical pseudo-Riemannian manifold is locally isomorphic to a space- like 
or time- like cone. 

Definition 4 A pseudo-Sasakian structure on a pseudo-Riemannian manifold {M,g) is 
a unit Killing vector field Z such that J := DZ\z± defines an integrable CR-structure 
H = Z^ C TM with the Levi form 2g. The Levi-form is the symmetric bilinear form L 
on H defined by L{X, Y) = ^^f^gp- 

It is well known that (M, g) admits a space-like or time-like pseudo-Sasakian structure 
Z if and only if the space-like or time-like cone over (M, g) admits a Kahler structure J 
compatible with the cone metric. 



9 



Example 1 In Theorem 1 we have assumed that Z is nowhere light-like. However, one 
can verify that the construction remains meaningful if we put Z — 0. Taking Z = and 
f — const = c ^ in the construction of Theorem 1, yields a conical pseudo-Kdhler 
manifold {M,g,J = g~^u},$,). It is precisely the space-like (c > 0) or time-like (c < 0) 
cone over (P, ^^dp), where r = ^y2\c\e*. The unit Killing vector field ^ := |c|Xp defines a 
pseudo-Sasakian structure on (P, ^^dp)- Notice that (P, ^^gp) is a pseudo-Riemannian 
submersion over the pseudo-Kdhler manifold (M, ^^g) ■ In particular, we can take f = ±| 
and r = e*, which yields {M,g) as the space-like or time-like cone over the pseudo- 
Sasaki manifold (P, gp, ( = ^Xp) and the latter fibers as a pseudo-Riemannian submersion 
over {M,g). Alternatively, we may take c = ±1, for which Xp is the Sasaki structure. 
In that case (M, g) is the space-like or time-like cone over the pseudo-Sasaki manifold 
(P, ^gp = ±rf + ^g,Xp) and the latter fibers as a pseudo-Riemannian submersion over 



2 Conification of hyper-Kahler manifolds 

Let (M, g, Ji, J2, J3) be a pseudo-hyper-Kahler manifold with the three Kahler forms oUa '■— 
gJa '■— g{Ja-i ^ — 1)2,3. We will assume that Z is a time-like or space-like Killing 
vector field and that / is a nowhere vanishing function such that df — —cuiZ :— —io\{Z, •). 
Following the notation of the previous section, we put fi-—f — h, where h :— 
We will also assume that /i is nowhere zero. Applying Theorem 1 to the pseudo-Kahler 
manifold (M, g, Ji) endowed with the a;i-Hamiltonian Killing vector field Z, we obtain the 
principal bundle tt : P — > M with the connection 77 and the pseudo-Riemannian metric gp 
such that Ml := P x M is endowed with the structure of a conical pseudo-Kahler manifold. 
Our aim is to construct a conical pseudo-hyper-Kahler manifold {M,g, Ji, J2, JsjO such 
that Ml C M with the conical pseudo-Kahler structure induced by {g,Ji,^)- As a first 
step, we define the vector field 

-.^Z + fiXp 

and the one-forms 

:= rj + ^gZ 

9i := ~cu,Z (2.1) 

on P. We consider 9^ ■— f~^0^ as the components of a one-form 9 :— 9aia with 
values in the imaginary quaternions, where (ii,i2,«3) = {i,j,k). Then we extend ^ to a 
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one-form 6 on M :^ W x P D {1} x P ^ P by 

Oa{q,p) ■■= Mq) + {Adge{p))^, {q,p) e M, 

where (p — (po + (fiaia is the right-invariant Maurer-Cartan form of H* and AdqX — 
qxq"^ — xo + X]a(^*i?'^)a^a ioT all X — xq + Xaia £ H. Notice that 

'Paieb) = Sab, 

where (cq, . . . , 63), is the right-invariant frame of H* which coincides with the standard 
basis of HI = Lie(H*) at g = 1. Next we define 

where 9^ := f9a and p := Let us denote by the left-invariant vector field on H* 
which coincides with ei at g = 1 and by M the space of integral curves of the vector field 
Vi := Ci — Zi. We will assume that the quotient map vf : M — )■ M is a submersion onto a 
Hausdorff manifold. (Locally this is always the case, since the vector field has no zeroes.) 

Theorem 2 Let {M, g, Ji, J2, J3, Z) be a pseudo-hyper-Kdhler manifold endowed with 
a Killing vector field Z satisfying the above assumptions and CzJ2 = — 2J3. Then there 
exists a pseudo-hyper-Kdhler structure {g, Ji, J2, J3) on M with exact Kdhler forms oja 
determined by 

'k*Cja = OJa- (2.2) 

The vector field pdp on M projects to a vector field ^ on M such that {M,g, Ji, J2, Js,^) 
is a conical pseudo-hyper-Kdhler manifold. The signature of the metric g is (4/c, 4£ -\- 4) 
if fi < o-nd {i.k -\- 4, 4£) if fi > 0, where {4k, 4£) is the signature of the metric g. 

Proof: We first show that the one-forms 9a on M induce one-forms 9^ on the quotient 
M. 

Lemma 2 There exist one-forms 9a on M such that 9a = TT*9a- 

Proof: Let us first observe that the above definitions imply that 9{Zi) = ii = i. To 
compute V5(ef), we use the cquivariance of the right- invariant Maurer-Cartan form with 
respect to left-multiplication: 

(f{dLqv) = Adgip{v), 
for all q eW, V e TW. Using that ip{v) ^ v for all v e Tell*, we conclude that 

^i^a) = v{dLqia) = Adg(ia). 
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Combining these facts, we get 

eiVi) = vp(ef ) - Ad,{e{Z,)) = Ad,i - Adgi = 0. 

This shows that the one-forms 6^ on M are horizontal with respect to the projection 
TT : M — > M. To prove the lemma, it now suffices to check that LviO — 0. First of all, 
the right- invar iancc of ip implies the invariance under any left-invariant vector field. So 
Ly^ip — L ^Lip — Q and we are left with 

Lv,e^ ^e'^AdqO - kdqLz.e. (2.3) 

The first term is easily computed as follows: 

L^hAdqX = ^ |j=o?exp(ti)a;exp(— = Adg[i,a;], 
for all X e H. This shows that 

L^LMqO = Mq[i,e]. (2.4) 

For the computation of -C^i^ we first remark that £jxp(^ — 0, such that Lf^Xpd — 
f~^dfi9{Xp) — if~^dfi and Cz^O — L^Q ^ if~^dfi. We compute each component £^^a- 
Using that Z is Killing, we get 

1 1 
L^Oi ^ Lzr]+ -Lz{gZ) ^ LzV^ ^iZ - -d{gZ)Z ^ uiZ + dh = -dfi. 

Here we used that d{gZ)Z = Lz{gZ) - d{g{Z, Z)) = - 2dh = -2dh. The hypothesis 
'C'zJ2 — — 2J3 on the a;i-Hamiltonian Killing vector field Z immediately implies 

^z^2 — -^'^z^^Z — -LZUJ1J2Z — —UJ1J3Z — UJ2Z — —29^ 

and. similarly, C^d^ = 202 ■ (Notice that LzJ2 = —2J^ implies JCjzJ^i = 2J2, because Z 
is Ji-holomorphic.) Since CzJ' = 0, this shows that ^Zi^i = '^Zi{f^^9[) = 0, LZ1O2 — 
—203 and -^Zi^s = 202. Summarising, we have 

j:z,e^[i,e]. (2.5) 

The equations (2.3), (2.4) and (2.5) show that 

Lv^O = Adji, e] - Adq[i, 6] = 0. 

□ 

Since £>ViP — ^Vif — 0, the functions / and p are well defined on the quotient M. 
Therefore, the lemma shows that 
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are two-forms on M, which satisfy (2.2). To prove that the triplet (a)^) defines a pseudo- 
hyper-Kahler structure we will prove that the are nondegenerate such that we can 
consider the nondegenerate endomorphisms Jq, defined by 

UaJf} = OJ^ (2.6) 

for any cyclic permutation {a,f3,j) of (1,2,3). In the following {a,f3,j) will be always 
a cyclic permutation. We have to show that (</«) is an almost hypcr-complex structure. 
The integrability then follows from the closure of the (2)^, in virtue of the Hitchin lemma. 
The pseudo-hyper-Kahler metric is then given by = —UaJa- Notice that this expression 
is independent of a, due to the relations JaJp — J-y- The skew-symmetry of with 
respect to g follows from the symmetry of Jg with respect to oja (a consequence of (2.6)) 
and the relation JaJp = —J/sJa- The symmetry of g is then obtained from = —Id. 
The nondegeneracy of ^ is a consequence of that of cua and J^. 

Lemma 3 The two-forms oja on M are given by: 

Ua = 2/p^((^o Aipa + 'P^A'Pj + 'Po^O'^-eoAipa + 'Pp^O'^-ip^A 9'^) + p^J , (2.7) 
where 9q :— —\f~^df, 0' := Adq9, cu := '^Waia cii^d cu' = AdqCU, 

Proof: We first calculate the differential of 9^' = fO = f(p + Adq9^, where 9^ = f9. Using 
the Maurer Cartan equation 

d(pa = 2if^ A if^, 

we obtain 

d{f^a) = 2/(-6'o Aipa + ^ppA (p^). 
Using the fact that cp — dqq~^, we see that 

d{Adg9^) = dqA9^q^^+qd9^q-^-q9^Ad{q-^) 
^ ipA Adq9^ + Ad^(^^) Aif + Adqd9^ 
= f{ipA9' + 9'Aip)+Adqd9^. 

The components are given by 

d{Adq9'')^ = /((/?o A9'^ + <pp A9'^ - <p^ A9'^ + 9'^ A<p^ - 9'^ Acpf) + 9'^ A <po) + (Ad,d^^)c« 
= 2f{if0A9'^-if^A9'^) + {Adgd9''U. 

Using (fio — p~^dp and the above equations, we get 

a), = d(/^T) = 2pVo A C + P'^C = 2/pVo A (</.„ + 9'^) + p^d^^ 

= 2fp^{ipo A (fia + ^13 A ip^ + ipo A 9'^ - 9o A (fia + 'Pis A 9'^ - ip^ A 9'^) + p^{Adqd9^)a. 
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Finally, we claim that 

de^ - CO, 

which implies the lemma. In fact, 

d9i = df] + -d{gZ) — u\ 
1 1 

dQl = -^d{uj2Z) = -^LzUJ2 = UJ3. 



□ 

Next we will show that the two-forms uja computed in Lemma 3 are nondegenerate 
on any distribution complementary to WVi C TM. Let us denote by Di, D2 C TM the 
distributions which correspond to the factors of the product M — M* x P. The second 
distribution can be decomposed as 

D2 = RXp ® D^, 2)^ = ^ ® E', E' span{Z, JiZ, J^, J3Z}, 

with respect to the metric gp on the leaves {q} x P = P of D2. Notice that 'T)2\{q,p) = T^P. 
We will study the restriction of Ua to the distribution !Di © ©2, which is complementary 
to RVi- Prom (2.7) we first see that the distributions E and D := !Di © £" are orthogonal 
with respect to uja- Furthermore, 

where {Aa/3) G S0(3) is the matrix A — A{q) representing AdgjimH in the basis (^1,^2, ^3)- 
This shows that uja\E is nondegenerate and that 

i^aJp\E — i^-ylE- 

Notice that (J^) coincides with the hyper-complex structure {Jo) of M up to a rotation, 
which depends on q. It remains to analyse uja on the eight- dimensional distribution 
D = 2)i © E'. We put 

Wo := JiZ, Wa := -JaWo 

and 

3 

From (2.1) one can check that 

e^{m) = h6ab, a,6e{0,...,3}. 
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where 9^ :— fOo — —\df. This impUes that 



and, hence, 

Now we can write the matrix JAiCja) which represents cJo-Id in the basis (cq, Cq,, e^g, e^, 

( 



/ 



V 



-h 



J 


\ 


Ho 








J ] 


J 




\ 









-J I 


-J 



(2.8) 



where 



1 



1 r " V -1 



1 



The invertibihty of this matrix follows from the assumption /i = f^h ^ 0. This proves 
that the two-forms Ua arc nondegenerate on any complement of MVi, which implies the 
nondegeneracy of the induced forms oja on M. Now we compute the three endomorphisms 

Ja — Jain ® Ja\E — Jalu ® J'als 

oiT>®E^ TM /RVi defined by 

Under the projection M ^ M, they correspond to the three endomorphism fields Ja on 
M such that 

Using the expression (2.8) one can check that the matrix representing Jo\d in the basis 
(eo, Cc,, ep, e^, Wq, W^, W'^, W!^) is given by 



M(J«) 



/ 


-J 








o\ 







-J 
















J 





\ 











-J 1 



(2.9) 



or, equivalently. 



JcCo — 


6q, 


JaWo = 






-eo 


JaW'^ = 


Wo 


JaGp = 




JaW'p = 


W' 

7 




-e/3 
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This proves that the satisfy the standard quaternionic relations and that Jalu^ corre- 
sponds to under the isomorphism '^2\(q,p) — ^p-^ — T-„(^p)M, {q,p) G M. Therefore, 
we have proven that the three symplectic forms cDq on ^ define a hyper-Kahler structure 
(M,^,J«, a -1,2, 3). 

Next we calculate the explicit expression for the pseudo-hyper-Kahler metric g. It 
amounts to calculating the metric 

9 '■= —i^aJa, 

which is defined on the codimension one distribution T) ® E C TM. 
Proposition 1 

3 3 3 

9^9\v® gE, g\v = 2pVE + - + 2 Yl ^^M^ 9e = p'^qIe- 

0=0 a=0 a=l 

Proof: It suffices to calculate the matrix M(^) which represents g = —UaJa in the basis 
(eo, e«, e^, e^, Wq, W^, W'^, W!^) of D. In view of (2.8) and (2.9), it is given by 

// -h \ 

f h 
f h 
f h 
-h h 

h h 
h h 
\ h h J 

(2.10) 

where only the nonzero entries are written. This proves the above formula for since 

Let us now extend g from a metric defined on the distribution D © = Di © D2 ^ TM 
to a pseudo-Riemannian metric on M such that Vi is perpendicular to D © i?. Then tt : 
(M, g) — 7> (M, g) is a pseudo-Riemannian submersion and we can calculate the covariant 
derivative of ,^ = vf^eo by calculating g{Dxeo, Y) for all X, F G 2) © E. In order to show 
that = Id, we have to check that g{Dxeo,Y) = g{X,Y). Using the Koszul formula 
and the commutator relations of the vector fields Ca, we obtain 

2g{De,eo, e^) = 2f{Sobea + SabSo - Soaeb)p^ = 2f5abeop'^ = 4:fp^Sab = 2g{ea, e^), 
for all a, 6 G {0, . . . , 3}. Let us next observe that 

^(eo,-)|D. = -2pX (2.11) 



M(^) - -M( Ja)*M(cDa) = M(cD«)M( Ja) = 2p2 
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as follows from (7(60, OId^ = ~'^P^^o g{eQ^Xp) = g{eo,^^j^) = 0. Now let X,Y E 
r{T''P) C r(D^) be horizontal lifts of vector fields in M. Then using (2.11), [eo,X] = 
[co, y] = and dO^ — we get 

2~g{Dxeo,Y) = X~g{eo,Y) + eo~g{X,Y) ~ Y~gieo, X) - ~g{eo,[X,Y]) 
= 2^(X Y) - 2p\X9^{Y) - Y9^{X) - 9^{[X, Y])) 
= 2~g{X, Y) - 2p'd9^{X, Y) ^ 2~g{X, Y). 

To compute g{De^eo, X), we observe that [eo,ea] = [eo,^] = [ca,-^] = 0, such that 

2^(-De„eo, X) = eag{eo, X) + eo^(e„, X) - Xg{eo, e^) 
= 2~g{ea, X) + 25oa(^(eo, X) - p'^Xf) 
= 2^(e,,X) + 26oa{-2pXiX) ' P'^f) = 2^(ea,^). 
Here we have used(2.11) and 9q — —\df. 
Similarly, we get 

2g{Dxeo, e^) = Xg{eo, e^) + eog{X, e„) - eag{eo, X) = 2^(X, e„). 

To finishes the proof of Theorem 2 it remains to compute the signature of g. One can 
easily check that the matrix (2.10) has signature (4, 4) if fih < 0, signature (8, 0) if > 
and /i > and signature (0, 8) if /i < and fi < 0. This imphes that g has signature 
{4:k, U + 4) if /i < and signature (4A; + 4, 4£) if /i > 0. □ 

Any conical pseudo-hyper-Kahler manifold {M,g, Ji, J2, Js,^ foliated by the leaves 
of the four-dimensional integrable distribution defined by the vector fields ^, JiC,, J2C,, JsC,- 
The space of leaves inherits a quatcrnionic pseudo-Kahler structure, at least if we restrict 
the foliation to a suitable open subset of M. Let us denote by (M, g, Q) the (at least 
locally defined) quatcrnionic pscudo-Kahler manifold associated with the conical pseudo- 
hyper-Kahler manifold (M, g, Ji, J2, J3, of Theorem 2. 

Corollary 1 The signature of the quaternionic pseudo-Kdhler manifold (M, Q) re- 
sulting from Theorem 2 depends only on the signature {4k, 4i) of the original pseudo-hyper- 
Kahler manifold (M, g, Ji, J2, J3, Z) and on the signs of the functions f and fi = f — h, 
where —f is the Hamiltonian chosen for the construction (unique up to an additive con- 
stant) and h = g{Z, Z)/2. It is {Ak, Ai) if fj > 0, (4A; - 4, 4£ + 4) if f > and /i < 
and (4A; + 4, 4£ - 4) i/ / < and fi > 0. 

Proof: This follows from the fact that the signature of g is obtained from that of g by 
subtracting (4, 0) if / > and (0, 4) if / < 0. □ 
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Corollary 2 The construction of Theorem 2 yields a (positive definite) quaternionic 
Kdhler manifold (M, Q) of positive scalar curvature if and only if the metric g of the 
original pseudo-hyper-Kdhler manifold (M, g, Ji, J2, J3, Z) is positive definite and fi > 0. 
It yields a quaternionic Kdhler manifold (M, g, Q) of negative scalar curvature if and only 
if g is either positive definite and / < or if it has signature {ik, 4), / < and fi > 0. 

Remark: Notice that Theorem 2 provides us with a quaternionic pseudo-Kahler manifold 
for any choice of Hamihonian / for Z with respect to Ui and any choice of S'^-principal 
bundle {P,f]) with connection rj such that the curvature is Ui — \d{gNQ. Locally any 
two S'^-principal bundles with the same curvature are equivalent such that, for the local 
geometry, the only essential choice is the Hamiltonian /, which is unique up to a constant 
c. It follows from [HKLR] p. 553-554 that, up to a constant factor, / is a Kahler potential 
with respect to J2. The Hamiltonian will be explicitly computed in the examples of the 
next section. 



Definition 5 A conical (affine) special Kahler manifold (M, J, g^ V, ^) is a pseudo-Kahler 
manifold (M, J, g) endowed with a flat torsionfree connection V and a vector field ^ such 
that 

(i) Vui — 0; where ui — gJ is the Kdhler form, 

(a) d^J = 0, where J is considered as a one-form with values in the tangent bundle, 
(Hi) = — Id, where D is the Levi-Civita connection, 
(iv) g is definite on the plane D = span{^, J^}. 

The above definition is slightly more general than the definition of a conical special Kahler 
manifold in [CM], for instance, since here we prefer not to restrict the signature of the 
metric. The rigid c-map associates with M the pseudo-hyper-Kahler manifold {N = 
T*M, gN, Ji, J2, J3), with the geometric data defined as follows, cf. [ACD]. Using the 
connection V we can identify TN = T^N © T^'N = ■k*TM © 7r*T*M, where vr : = 
T*M — 7- M is the canonical projection, T'"N = ker dn is the vertical distribution and 
T'^N is the horizontal distribution defined by V. Using these identifications, we have 



3 Application to the c-map 
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The vector field Z — is d. Hamiltonian KiUing vector field on M. In fact, DZ = JD^ ~ 
J is skew-symmetric and the function h = si^^ satisfies dh — g{DZ,Z) — g(J-,Z) — 
—LuZ. We extend Z to a vector field Z^ on N by 

Z^iTT^q') ■.= 7r*Z{q'), Zr,{p^) = 0, 

where (g*) are V-affine local coordinates on M and {n*q^,Pi) are the corresponding coor- 
dinates oi N — T*M. One can easily check that this extension does not depend on the 
choice of affine coordinates. 

Proposition 2 For any pseudo-hyper-Kdhler manifold {N, g^^, Ji, J2, J3) obtained from 
the rigid c-map, the vector field Z^ is a time-like or space-like oui-Hamiltonian Killing 
vector field, which satisfies Dz^^Zn — JiZn and Lzj^J2 — —Js- 

Proof: Z is time-like or space-like by (iv) of Definition 5. This implies that is time- 
like or space-like. Let us recall that there exist V-affine local coordinates (g*) on M such 
that ^ = see [CMl] Prop. 5. The following calculations will be always in such 

coordinates. Notice that Z — — ^ J^q'di. Since Lzg — 0, we have 

^Zn9n = T^*^z9 + ^ Z{g'^)dpidpj = ^ Z{g'^)dpidpj. 

Since Z{g^^) — —Yli9^^^{9ki)9^^^ it suffices to show that Z{gki) — 0. Let us first re- 
call^ that Vg is totally symmetric, which follows from Definition 5 (i-ii) using the skew- 
symmetry of J. Using this property and Definition 5 (i-ii), we obtain 

Z{9ki) = -^^9^,1 = Y J]q'9ki,i = - XI (i^iJj),i9ki = - XI <i'{Jl),j9ki 
= X -^i^ki,] = X Jt^idki) ■ 

We claim that ^{gki) = 0. Let us first observe that — Id implies L^g = 2g. This shows 
that ^{gij) = 0, since Z^q^ — q\ Summarizing, we have proven that Z^ is a Killing vector 
field. 

Next we prove that Zn is Hamiltonian with respect to oui — gNJi- We consider the 
function h — Then the calculation 

d{TT*h) = Tr*dh = -7r*{ujZ) = -uiZ^ (3.1) 

proves that —h is a Hamiltonian function for Z^- This implies the equation Dzj^Z^ — 
JiZm^ as follows from Lemma 1. 

^(M, g, V) is in fact an intrinsic affine hypersphere [BC], which imphes the symmetry of Vg. 
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Finally, we check that J^Zt^J2 = — J?, or, equivalently, that Lz,^'j^2 — —^■i- Notice that 

^'-^9 



So 



that is 





^ 


-J* \ 




^ -1 


bJ2 = ( 


V J 


j 


, ^3=1 


V 1 



0J2 = J^dq' A dpj 
<^3 = y^dg' A dpj. 

It is sufficient to check that Lzj^ujs = CU2- Now 

'Cz^c^g = ci( J?)^ Adpi^uj2 + Y^ JliQ'^dq'' A dp^ = 002, 

where ( Jg)' = J] JjQ^ and we have used that 



□ 



Corollary 3 For any pseudo-hyper-Kdhler manifold {N, g^, Ji, J2, J3) obtained from the 
rigid c-map, the assumptions for the conification construction of Theorem (2) are satisfied 
for the Killing vector field C, — 2Zn- Therefore any choice of Hamiltonian f for C, with 
respect to uii and any choice of -principal bundle {P,r)) with connection rj with the cur- 
vature uji — ^d{gNC) defines a conical pseudo-hyper-Kdhler manifold (TV, g^f, Ji, J2, J3, C)- 

Consider now the function h :— ^gwiC^ C) — '^9n{Zn, Zn) associated with the rescaled 
vector field C = 2Ziv. Then (3.1) shows that any function / satisfying df — —uji( is of 
the form 

f^lh + c, 

for some constant c. The choice c — will be called the canonical choice of Hamiltonian. 
Thus the function fi :— f — h is now given by 

fi^—h + c. 

Now we specialise to the cases where the resulting quaternionic Kahler manifold 
(TV, g, Q) is positive definite, see Corollary 2. 
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Corollary 4 // the conical special Kdhler manifold M is positive definite, then the 
resulting quatemionic Kdhler manifold N has positive scalar curvature if —-^h + c > 
and negative scalar curvature if jh + c < 0. If the conical special Kdhler manifold M has 
signature {2k, 2) with time-like Euler field and if —^h + c > and |/i + c < 0, then N 
has negative scalar curvature. In particular, for the canonical choice of Hamiltonian the 
scalar curvature of the quatemionic Kdhler manifold N is always negative. 

The last result is consistent with our conjecture that the canonical choice of Hamiltonian 
yields the Ferrara-Sabharwal metric (up to a factor). The deformation by the constant 
c should correspond to the one-loop correction of the metric considered in [APSV]. The 
determination of the precise relation between the constant c and the one-loop parameter 
is left for the future. 
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